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Abstract 

If the universe is ( or a slice of ) AdS^ space with 3-branes, the 5-dimensional 
GUT scale on each brane can be indetified as the 5-dimensional Planck scale, 
but, the 4-dimensional Planck scale is generated from the low 4-dimensional 
GUT scale exponentially in our world. The 4-dimensional GUT scales and 
Planck scale are related to the 5-dimensional GUT scales and Planck scale by 
exponential factors, respectively. One of such scenarios was suggested by Ran- 
dall and Sundrum recently. We give another scenario that the 4-dimensional 
Planck scale is generated from the low five-dimensional Planck scale by an ex- 
ponential hierarchy, and the mass scale in the Standard Model is not rescaled 
from the 5-dimensional metric to the 4-dimensional metric. We also argue 
that the additional constant in the solution might exist, which will rescale the 
5-dimensional Planck scale and affect the physical scale picture. Finally, we 
embed those compactifications to the general compactification on AdS^ space 
and discuss the origin of the additional constant. 

PACS: 11.25.Mj; 04.65.+e; ll.30.Pb; 12.60. Jv 

Keywords: AdS^; Compactification; Brane; Scale; Hierarchy 



August 1999 

^E-mail: li@pheno.physics.wisc.edu, phone: (608) 262-9820, fax: (608) 262-8628. 



1 Introduction 



Experiments at LEP and Tevatron have given the strong support to the Standard 
Model of the Strong and electroweak interactions. However, the Standard Model 
has some unattractive features which may imply the new physics beyond Standard 
Model. One of these problems is that the gauge forces and the gravitational force are 
not unified. Another is the gauge hierarchy problem between the weak scale and the 
4-dimensional Planck scale. Previously, two solutions to the gauge hierarchy problem 
have been proposed: one is the idea of the technicolor and compositeness which lack 
calculability, and the other is the idea of supersymmetry, but we have not found any 
experimental signal at colliders yet. 

More than one year ago, it was suggested that the large compactified extra 
dimensions may be another solution to the gauge hierarchy problem If the di- 
mension of the spacetime is 4 + n where n > 1, the 4-dimensional Planck scale is 
determined by the fundamental A + n dimensional Planck scale Mx- For the simplest 
case, we have the relation between these two scales: 

Ml, = M^+V. , (1) 

where Vn is the physical volume of the extra dimensions. Of course, if we required 
that Mx is at low energy scale, then we may have the hierarchy between the Mx 
and V~^^"' except that one needs to introduce many extra dimensions. If we assume 
Mx = lO^GeV, y-^l"^ = lO^GeV, we obtain: 

n = 10'^ , (2) 

which might not seem possible, but it is not excluded. 

Several months ago, Randall and Sundrum [Q] proposed another scenario that 
the extra dimension is an orbifold, and the size of the extra dimension is not large but 
the 4-dimensional mass scale in the standard model is suppressed by an exponential 
factor from 5-dimensional mass scale. In addition, they suggested that the fifth 
dimension might be infinity [Q, and there may exist only one brane with positive 
tension at the origin, but, there exists a gauge hierarchy problem for they thought 
k, which is defined in the following section, is equal to the 5-dimensional Planck 
scale. The remarkable aspect of the second scenario is that it gives rise to a localized 
graviton field. Combining those results, Lykken and Randall obtained the following 
physical picture [^: the graviton is localized on Planck brane, we live on a brane 
separated from the Planck brane about 30 Planck lengths along the fifth dimension. 
On our brane, the mass scale in the Standard Model is suppressed exponentially, 
which gives the low energy scale. Recently, this kind of compactification or similar 
idea has attracted much attentions g, |, 0, |, |, [ig, |ll|, |12|, |14l . 



Before discussing our results, first, we would like to point out that one needs 
to choose a fundamental metric in the scale discussion. For example, in the weakly 
coupled string, to be consistent, we use the string metric to discuss the scale. In ad- 
dition, we assume that all the gauge forces are unified on each 3-brane if there exist 
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gauge forces. The 5- dimensional GUT scale on each 3-brane and the 5- dimensional 
Planck scale are defined as the GUT scale and Planck scale in the 5-dimensional fun- 
damental metric ( for example, equation (3) or (4) ), respectively. The 4-dimensional 
GUT scale on each brane and the 4-dimenisonal Planck scale are defined as the GUT 
scale and Planck scale in the 4-dimensional Minkowski Metric (g^i,)- In order to 
avoid the gauge hierarchy problem between the weak scale and the 4-dimensional 
GUT scale Mqut on the brane which is our world, we assume the low energy unifi- 
cation |. The key ansatz is that the 5-dimensional GUT scale on each brane is equal 
to the 5-dimensional Planck scale, and there is no mass hierarchy between the mass 
parameters in the 5-dimensional fundamental metric if the fifth dimension is compact 

0- 

With above argument and assumptions, we find out the constant in the so- 
lution of 5-dimensional Einstein equation is not a trivial factor, and will affect the 
5-dimensional Planck scale and the physical picture if there exists such constant in 
the fundamental metric, for example, in M-thoery on 5*^/^2 only the metric at 
mid point between two hyperplanes is not changed after one considers the next order 
correction without five branes , and the constant in the metric may have its origin 



in the compactification on AdS^ space. In short, the general solution to the Einstein 
equation obtained in five-dimensional model with two boundaries (branes) are: 

ds^ = e-^^^y^-^'ri^.dx^'dx'' + dy" , (3) 



ds^ = e^^\y\-^''n^,dx^'dx'' + dy^ , (4) 

where /x, v parametrize the four-dimensional coordinates of Minkowski space, and y 
is the fifth dimension coordinate. 

The first solution is the same as the solution given by Randall and Sundrum 
except the constant c 0. The general physical scale picture is the following: the 
5-dimensional GUT scale on each brane can be identified as the 5-dimensional Planck 
scale, but, the 4-dimensional Planck scale is generated from the low 4-dimensional 
GUT scale exponentially in our world. The 4-dimensional GUT scales and Planck 
scale are related to the 5-dimensional GUT scales and Planck scale by exponential 
factors, respectively. In other words, the large mass hierarchy in the Standard 
Model from the 5-dimensional metric to the 4-dimensional metric is one possible 
solution of the gauge hierarchy problem in our world, but, not the most general 
solution. In addition, the fifth dimension may be compact 0, or the fifth dimension 
may be non-compact. There is a brane with positive tension ( call it as " Hidden 
Brane" ) at the origin, the 4-dimensional GUT scale Mh on the hidden brane is 
larger than or the same as the 4-dimensional GUT scale of our world. We live on 

^We will not explain why Mqut can be low energy scale here, but, it is possible if one considers 
additional particles which change the RGE running. Of course, proton decay might be the problem, 
but we do not disscuss this here. 

■^We do not consider the masses of quarks and leptons in this statement. 
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a brane separated from the hidden brane about a distance ln{MH / Mgut) /k along 
the fifth dimension where k is not necessary to be equal to the 5-dimensional Planck 
scale in this case for the fifth dimension is not compact. Similar to Ref. [3], we also 
suggest that: we live on a positive tension brane ( at origin ) which is embedded in 
a non-compact AdS^ space and contains the Standard Model. The five-dimensional 
Planck scale or the 4-dimensional GUT scale is at intermediate scale 10^ GeV, then, 

in this case, MqUt/Mw ^ Mtop/Melectron- 

The second solution tells us that the 5-dimensional Planck scale will be rescaled 
even though one considers c = 0. Assuming c=0, we can obtain the scenario with 
the following property: the 4-dimensional Planck scale is generated from the low 
5-dimensional Planck scale by an exponential hierachy, and the mass scale in the 
Standard Model, which is contained in one brane, is not rescaled. In general, for 
c 7^ 0, the 5-dimensional GUT scale on each brane can be considered as the 5- 
dimensional Planck scale, but, the 4-dimensional Planck scale is generated from the 
low 4-dimensional GUT scale exponentially in our world. The 4-dimensional GUT 
scales and Planck scale are related to the 5-dimensional GUT scales and Planck scale 
by exponential factors, respectively. The physical scale picture is similar to that in 
the first solution except that we can not let the fifth dimension non-compact in this 
case. 

We also discuss the compactification on AdS^ space, and all of above scenarios 
can be embedded in this kind of compactification. However, in all of above scenarios, 
the cosmology constant and brane tensions in the 4-dimensional Minkowski metric 
can be expressed as simple functions of 4-dimensional GUT scale and Planck scale, 
therefore, it seems to us that we can not explain the very small cosmology constant 
lO'^^GeV^ in this kind of compactification. 

Of course, the results in this letter can be generalized to AdS^+n, and can be 
applied to Type IIB string on AdS^ x or M-theory on AdSj x S^. 

2 Solutions to the Einstein Equation 

The setup is given by Randall and Sundrum 0. Considering a compact fifth dimen- 
sion, —L < y < L and introducing equivalence relations: y ^ y + 2L and y ~ —y, we 
obtain the obifold /Z2. The fixed points y=0, L are taken as the locations of the 
two 3-branes, which can support 4-dimensional field theories. Let us denote the y=0, 
L planes as Mq and Mi respectively, the 5-dimensional metric in these two branes 
are: 

g%{x^) ^ G,M, y = 0) , gl,[x^) ^ G^^x^ y = L) , (5) 

where Gab where A,B = fi, y, is the five-dimensional metric. 
The classical Lagrangian is given by: 

S = Sgravity + Sq + Si , (6) 
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Sgravuy = J d'x j'^^dyV^ {-A + ^M^^R} , (7) 
^0 = Jd'x^^{Co-Vo} , (8) 

Si = j dS^^{C,-V,} , (9) 

where Mx is the 5-dimensional Planck scale, A is the cosmology constant, and Vq, 
Vi are the brane tensions. The 5-dimensional Einstein equation for the above action 
is [01: 



+ i^iV^^7i.M%-L)] . (10) 

Assuming that there exists a solution that respects 4-dimensional Poincare invariance 
in the x^-directions, one obtains the 5-dimensional metric: 

ds^ = e-'^^'^y'^'q^^dx^dx'' + dy"^ . (11) 

With this metric, the Einstein equation reduces to 0: 

= ^ , (12) 



Before we discuss the phenomenology, we would like to define the generalized 
scale transformation Q on the 4-dimensional Lagrangian: 

g^iv y^^Qt^v , A^V , (14) 
^ ^ X-V2^ , , (15) 

m ^ \-^m , x~dim[g,] ^ ^^g) 

where 0, '0; ''^ and gc are the scalar field, spinor field, gauge field, mass and 
coupling, respectively, and dim[gc\ is the mass dimension of the coupling ( for example, 
the gauge coupling and Yukawa coupling have dimension ). Obviously, if A is 
not a function of the space-time index, one can easily check that the generalized 
scale transformation is invariant even when one considers the gravity, the divergence 

^ Conformal invariance is a consequence of the scale invariance in quantum field theory. 
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and renormalization. It does not change the relative mass ratios, for example, if 
we consider the Standard Model and gravity in 4-dimension, M^/fMpi is invariant 
under this transformation. Although we do not mention it explicitly, this kind of 
the transformation will be often used in the following discussion because one need 
to consider the physical mass scale in the 4-dimensional Minkowski metric from the 
5-dimensional fundamental metric by the compactification of the fifth dimension. By 
the way, we can define the generalized scale transformation in any dimension. 

Now, we consider the solution. 

(I) Assuming A is negative, the first solution is: 

, , , X 

c"= h/h/ o- + c . 17) 

This solution was obtained by Randall and Sundrum by choosing c=0 [0]. Similar to 
their result, one can define a new scale k which relates Vq, Vi, A to Mx as: 

= -14 = QM]^k , A = -6M^k'^ . (18) 

Then, the bulk metric is: 

ds^ = e-''^^y\-^'7]^,dx^dx'' + dy"" . (19) 
The corresponding 4-dimensional Planck scale is: 

Ml = ^^[l-e-''^]. (20) 

We assume that the observable brane is Mi, and in the 5-dimensional fundamental 
metric, the GUT scale Mq^j, of our world is equal to the Planck scale Mx- We obtain 
our world 4-dimensional GUT scale 

Mgut = Mg^^^e-^^-^ = Mxe-^^-^ , (21) 

and the 4-dimensional Planck scale and GUT scale relation 



= [1 - e-^'"^] . (22) 



We can push Mqut to the TeV scale or 10^ GeV easily. Assuming that in the 
fundamental theory we just have one scale, should be close to the Mx- Because 
kL can not be arbitrarily large 0, we choose k = Mx for the simplicity and obtain: 

M'p, = Ml,^^e''^[l-e-''^] . (23) 



^For kL is small, the physical results are similar to those in previous extra dimension proposal 
so, we will not discuss it here. 
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With kL = 34.5 and 30, we can have Mqut at the TeV scale and 10^ GeV scale 
respectively. For c=0 and k = Mx, we obtain Mx = Mpi. For c = —kL/2 and 
k = Mx,we obtain that for Mqut = 10^ GeV and 10^ GeV, Mx is about 10^° GeV 
and 10^^ GeV, respectively. And for c = kL, we obtain Mx = Mqut- In short, for 
c 7^ 0, the physical scale picture is different from that in Ref. [2,3]. And the result in 
Ref. [2] is not the most general solution to the gauge hierarchy problem in our world. 

One can also consider the cosmology constant and brane tensions in the 4- 
dimensional Minkowski metric, they are: 



^ - e-) , ,25) 



(26) 

Because Mqut can not be smaller than TeV scale, each of above values is much larger 
than GeV^. 

For above case, the Mi brane tension is negative (although it is not ruled out), 
and the space is compact. Now, we consider the case similar to that in the Ref. [3]. 
There is just one positive tension brane which is located at the origin and the fifth 
dimension is infinity. The solution of the metric can be written as: 

ds^ = e-^^\y\-^'7]^,dx^dx'' + dy^ , (27) 

which is similar to the above case, and k is defined as before. The scale relations are: 



~ k 



Ml = , (28) 



Mgut = Mxe-' , (29) 

= . (30) 

In this case, because the fifth dimension is not compactified, we do not require that 
k ~ Mx Q- We can push Mqut to TeV or 10^ GeV scale by choosing e'" k=10~^'' 
GeV and 10~^^ GeV. Taking c=0, Mx=Mgut, and in general, Mx might be any 
number. In order not to be ruled out by experiment, we might require that e~^k > 



^ One may think there exists hierarchy between k and Mx in 5-diniensional fundamental metric 
which is not gauge hierarchy, but, k is related to the cosmology constant and small k may ameliorate 
the cosmology constant problem, which can be considered as the motivation of small k. 
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10-^3 GeV. Choosing c=0 and k = lO^^^ GeV, we obtain Mqut = Mx ~ 10^ 
GeV, and Mcur/Myy ~ Mtop/M(,i(.ctron-, so, the hierarchy is not too severe. However, 
we can not obtain small enough cosmology constant in this scenario too, for the 
cosmology constant and the brane tension in the 4-dimensional Minkowski metric 
can be expressed as: 

The results in Ref. [4] can also be applied here. Assuming the brane at the 
orgin as a hidden brane, and our world locates at yo, we obtain the scale relations 

Mh = Mxe-'' , Mgut = Mxe"^!^"!"^ , (32) 

Ml = , Ml = , (33) 

where the Mh is the 4-dimensional GUT scale on the hidden brane, and we have 
assumed that the 5-dimensional GUT scale M^^ on the hidden brane is equal to 
the 5-dimensional Planck scale, i. e., M\j = Mx- One can easily solve the gauge 
hierarchy problem in our world by varying yo ot c. 

In addition, in 4-dimensional Minkowski metric, the cosmology constant A^^^ 

is: 

A(^) = -SMgut^ . (34) 

Therefore, the larger the \yo\, the larger the magnitude of the A^^^ for fixed Mqut- 
We can not explain why the cosmology constant is so small, too. 

In short, the general physical scale picture is the following: in 5-dimension, 
the GUT scale on each brane is the same as the Planck scale, but, in 4-dimension, 
the Planck scale is generated from the our world low GUT scale exponentially. The 
4-dimensional GUT scales and Planck scale are related to the 5-dimensional GUT 
scales and Planck scale by exponential factors, respectively. In addition, if the fifth 
dimension is not compact, there is a hidden brane with positive tension at the origin, 
the 4-dimensional GUT scale Mh on the hidden brane is larger than or the same as 
that of our world, we live on a brane separated from the hidden brane a distance 
about ln{M H / Mgut) / k along the fifth dimension where k is not necessary to be equal 
to the 5-dimensional Planck scale for the fifth dimension is not compact. 

(II) Assuming A is negative, the other solution is: 



Similar to the previously result, we can define a new scale k which relates Vq, Vi, A to 
Mx as: 

-Vq = Vi = QM^k , A = -QMlk'^ . (36) 
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And then, the bulk metric is 

ds^ = e^^\y\-^^r]^^dx^'dx'' + , (37) 
The Planck scale in the four-dimensional Minkowski metric is: 



Mi^^^[e'''-l]. (38) 

We assume that the brane of our world is Mq. Using similar ansatz as above, we 
obtain our world 4-dimensional GUT scale, and the relation between Mpi and Mqut 

Mgut = Mg^e-^ = Mxe-^ , (39) 

/Kf3 2kL+c 

Ml = ^^^tGUT^ [1 _ e-2fc^] . (40) 

We can push Mqut to the TeV scale or 10^ GeV scale easily. Taking k = Mx for the 
fifth dimension is compact in this case, we obtain 

= iVPa^^e^^^il - e-"^^] . (41) 

As before, with kL = 34.5 and 30, we can have the Mqut at the TeV scale and 10^ 
GeV scale, respectively. But, one should notice that, in this scenario, if we take c=0, 
we will not rescale the mass scale in the Standard Model from the 5-dimensional metric 
to the 4-dimensional metric, but we rescale the Planck scale, the large 4-dimensional 
Planck scale is generated from the low 5-dimensional Planck scale exponentially. 

For c=0 and k = Mx, we obtain Mx = Mqut- For c = kL/2 and k = Mx, 
we obtain that for Mqut = 10^ GeV and 10^ GeV, Mx is about 10^° GeV and 10^^ 
GeV, respectively. 

One can also consider the cosmology constant and brane tensions in the 4- 
dimensional Minkowski metric, they are: 



M^ ^ ^ ^ ' 

Obviosly, because Mqut can not be smaller than TeV scale, each of those values is 
much larger than 10~^^ GeV^. 

Furthermore, this solution is related to the first solution by the following trns- 
formation: c ^ c + kL and Vq Vi. 
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3 Compactification on AdS^ Space 



In all the solutions of above section, the space is a slice of AdS^ space, therefore, we 
can consider the compactification on the AdS^ space. The AdS^ metric is: 

ds' = -^r]f,,dx''dx'' + ^dr^ , (45) 

where Rads is the "radius" of AdS^ space, and R?^^^ = a'y/AngN for Type IIB string 
on AdS^ X [T^ ( we do not write down the metric on 5*^). Obviously, there exists 
singularity when r is or infinity. 

In order to be easy to compare with results of the previous section, we make 
the following transformation 

r = Radse"""-'^ . (46) 
Then, the AdS^ metric becomes: 

ds^ = e^y'^-^^r^^^dx^'dx'' + dy"^ . (47) 
This metric is invariant under the following transformation: 

X^ ^ e-A/R.d.3,M ^ y ^yj^x . (48) 

Assuming that the minimum and maximum of y are a and b which can be considered 
as cut-offs, and the brane of our world is located at Uo where a < Uo <h [], we obtain 
the following scale relations: 

Mgut = Mg^^e^"/^'"'^ = Mxe^"/^^^' , (50) 

a 

T 

If a and b are finite, we can assume that Rads = M^^, and obtain 

With 2(6 — Ho) /Rads = 34.5 and 30, we can push Mqut to the TeV scale and 10^ 
GeV scale, respectively. But, one should notice that, if ?/o = 0, we will not rescale the 
mass scale in the Standard Model, which is different from previous result 0]. If a is 
negative infinity, the physical scale picture will be similar to that in the first solution 
with non-compact fifth dimension in above section, with c = —b/Rads- 

In above section, the first solution with compact fifth dimension can be con- 
sidered as a = Ho = b — L and c = —b/Rads, and the scond solution can be considered 
as a = Uo = b — L and c = —a/ Rads by noticing that k = R'ds- Of course, the value 
of a might be negative infinity, the result in the first solution with non-compact fifth 
dimension can be considered as c = —b/Rads- 

^ We do not address the issue of determining the locations of the branes here. 



^ Md^TRads ^{2b-Zyo)/Rad,^^ _ ^-2(b~a) / R^ds^ _ ^^^^ 
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